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Packet losses and delays represent two of the main causes of impairment on packet-based communica-
tions. Recent proposals for robust and efficient transmission suggest joint design of coding and routing
strategies. This paper introduces a general framework to analyze time diversity in packet-based commu-
nications. An algorithm for designing an efficient distribution of information in multiple packets that
takes into account for both losses and delays is presented. Simulation results show in which cases time
diversity may have a positive impact on various applications.
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1. Introduction and related work

In the current information society, most communication trav-
els through an integrated network of heterogeneous links (the
Internet). Packet transmission is the main reference framework
for most applications that are based on very different kinds of
connection devices and type of users. The main phenomena
affecting packet-switched networks are packet losses and delays.
To overcome the limitation of unreliable packet channels, several
strategies have been proposed in the literature, such as Forward
Error Correction (FEC) [2] and Multiple Description Coding
(MDC) [4]. Redundancy in the transmitted information via robust
transforms [13,16] and redundancy in the network connections
via path diversity [9] have shown to be effective protections
against channel unreliability.

Recently, cross-layer approaches, optimizing the design of both
physical and network layers in a joint way, are providing attractive
results. Network coding [3,10] is among the most innovative and
promising framework for coding and routing joint design. Efforts
to extend the results of information theory on the fundamental
limits of physical-layer performance to the network layer are being
pursued in the recent research literature. In [12] the resource allo-
cation problem in wireless environments (focusing on various
trade-offs among throughput, delay and power) is faced with an
information-theoretic cross-layer approach looking for achiev-
able-rate regions. In [18] a flow-based analytical framework has
ll rights reserved.
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been introduced for optimization of capacity allocation, routing
configuration and congestion control in wireless networks. Two-
layer coding packet transmissions (modeling physical and network
layers) have been considered in [15] with focus on throughput
optimization. The framework has been designed using random
coding error exponents, and upper bounds for the throughput have
been obtained for practical schemes.

Furthermore, the effects of various loss patterns on the received
quality in video-streaming applications have been explored in
[7,8]. Making use of a specific model for losses (taking into account
the effects of correlation and validated with experimental results),
packet interleaving (e.g. reordering) has been applied in order to
change from hostile bursty-loss patterns to more gentle isolated-
loss patterns. Interleaving the packets has shown to make trans-
missions more robust, as well as better distribution of the payload
information [11,14].

The large variety of available techniques for packet transmis-
sion makes very difficult a unique analysis for jointly designing
source coding and transmission strategies on real packet channels.
It is clear that a unified framework and definite answers to the
problem of optimal transmission from higher layers point of view
are still lacking. In this work we propose a simple mathematical
framework that allows a compact analysis of time diversity in a
packet-based connection. Physical-layer techniques exploiting
time diversity are very classical, and we here explore if similar
techniques, using time-diversity may be beneficial at the network
layer. The proposed analysis aims to illustrate possible benefits
coming from a combination of error resiliency and packet inter-
leaving. Required assumptions are: availability of source coding
to distribute information in different portions and capability of
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each piece of information to contribute to overall Quality of Service
(QoS). Many applications of interest fall within this scenario, such
as Voice over Internet Protocol (VoIP) [6].

The main contribution of the paper is the introduction of an
analytical framework that allows analysis and understanding of
coding and diversity in packet channels. The framework easily fits
various realistic source and channel models although some effects
(e.g. processing delay and jitter) are not considered at this stage.
The effect of channel memory on the application is analyzed and
understood without need of detailed modeling of the application
and of the connection devices.

The paper is organized as follows. Section 2 introduces the ana-
lytical framework for time-diversity and in Section 3 two different
channel models are presented with respect to the behavior of pack-
et losses and delays, Section 4 discusses on possible quality func-
tions capturing the behavior of the application. Section 5 shows
the possible benefits of time diversity techniques obtained with
numerical simulations and some concluding remarks are given in
Section 6.

Notation. Bold upper-case letters denote matrices with Ai;j

denoting the ði; jÞth element of A; bold lower-case letters denote
column vectors with aj denoting the jth element of a; 1 denotes
a vector whose elements are 1; 1ðiÞ denotes a vector of 0 with the
ith element equal to 1; ð:ÞT denotes transpose operator; diagðaÞ de-
notes a diagonal matrix with a on the main diagonal; Eð:Þ is the
expectation operator.

2. The analytical framework

Fig. 1 shows the block diagram of our packet loading problem. A
constant bit-rate (CBR) source generates blocks of b bits at time in-
stants nT, n ¼ 1;2; . . ., and it is allowed to transmit over a channel
with capacity R ¼ b=T. The source is free to choose how to assign
its payload to N different packets. Such a fragmentation produces
the desired time diversity. Real channels loose and delay packets,
therefore the question is: if we have some knowledge of an average
channel behavior, can we design an efficient packet distribution?

In real-time systems, time is a precious resource and large packet
delays may have the same effect of losses on the application (late
packets may be useless). In the following, with the term ‘‘loss” we de-
note that a packet cannot be delivered to the user (buffer overflow on
a router, decoding errors, connection failures, etc.). The term ‘‘era-
sure” means that a portion of information is in a late or lost packet.

Let x ¼ ðx1; . . . ; xNÞT be the loading vector (LV), with xj represent-
ing the fraction of the b bits available at time nT and transmitted at
Fig. 1. The packet loading process.
time ðnþ j� 1ÞT through the jth packet, and let e ¼ ðe1; . . . ; eNÞT be
the erasure configuration (EC), with ej ¼ 0 (resp. ej ¼ 1) denoting
that fraction xj has been erased (resp. not erased). The LV belongs
to the set

X ¼ x :
XN

j¼1

xj ¼ xT1 ¼ 1;0 6 xj 6 1

( )
;

while the EC belongs to the set of the M ¼ 2N binary strings of
length N, denoted E ¼ feðkÞgM

k¼1.
We assume that the channel has a stationary behavior so that

we can focus on a generic set of b bits available at time nT. Denot-
ing smax the maximum allowed delay for the b bits emitted by the
source at time nT, then we say that fraction xj is NOT erased if the
corresponding packet is delivered no later than smax � ðj� 1ÞT.
Fig. 1 also shows the delay that each fraction can tolerate. Also it
is worth noticing that according to our framework, when a packet
is lost all the information it was carrying is not delivered, while
when a packet is delivered some of the fractions may be out of time
and then erased, while others my be delivered. For instance, con-
sider packet n, transmitted at time nT. It conveys the first fraction
of the source block emitted at time nT, the second fraction of the
source block emitted at time ðn� 1ÞT , up to the Nth fraction of
the source block emitted at time ðn� N þ 1ÞT. If the packet is deliv-
ered at time larger than nT þ smax � ðN � 1ÞT and smaller than
nT þ smax � ðN � 2ÞT , then the Nth component of the packet is
erased, but the remaining part is delivered.

For the problem to be meaningful, the minimum allowed delay
for the last packet (j ¼ N) must be positive, i.e. smax � ðN � 1ÞT > 0,
i.e. time diversity (N P 2) is allowed only if smax > T .

Denote with p ¼ ðp1; . . . ; pMÞ
T be the probability distribution of

the ECs, i.e. pk ¼ PrðeðkÞÞ. The fraction of delivered bits yðkÞ if the
kth EC occurs is

yðkÞ ¼ xTeðkÞ ¼
XN

j¼1

xjejðkÞ:

Our fidelity criterion (QoS of the application) is modeled as a
function of the delivered bits via a quality function qð:Þ satisfying
the following properties:

(i) qðyÞ only depends on the amount of delivered bits: all bits
have the same relevance;
(ii) qð0Þ ¼ 0: no bit delivered gives null QoS;
(iii) qð1Þ ¼ 1: all bits delivered gives unitary QoS;
(iv) @

@y qðyÞP 0: qðyÞ is a non-decreasing function of the deliv-
ered bits;
(v) @2

@y2 qðyÞ 6 0: qðyÞ is a \-concave function.

Property ðiÞ is for sake of simplicity and applies for instance
when MDC is implemented. However, non-uniform relevance for
the bits may be taken into account introducing weighting vectors
that may also account for inter-dependency. Property ðvÞ is im-
posed because we show that for [-concave functions the problem
has a trivial solution (see Appendix A).

The QoS at the receiver is the average quality

Q ¼ EfqðyÞg ¼
XM

k¼1

pkqðyðkÞÞ ¼
XM

k¼1

pkq
XN

j¼1

xjejðkÞ
 !

: ð1Þ

Time diversity design consists in finding solution to the follow-
ing constrained problem

xopt ¼ arg max
x2X
ðQÞ: ð2Þ

Notice that Jensen’s inequality provides qðxTEfegÞ as an upper
bound for the average QoS as long as property ðvÞ is fulfilled.
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3. Loss-delay models

The optimum solution depends on the erasure probabilities
which are function of both channel loss and delay statistics and re-
flects the nature of the inter-dependence among packets.

The probability that a packet exceeds the allowed delay corre-
sponding to the jth fraction of the source information, is

djðsmaxÞ ¼ Prðs > smax � ðj� 1ÞTÞ ¼
Z þ1

smax�ðj�1ÞT
f ðsÞds;

being f ðsÞ the probability density function (pdf) of packet delays.
Notice that djðsmaxÞ is increasing with respect to j and decreasing
with respect to smax, and

lim
j!1

djðsmaxÞ ¼ 1; lim
smax!1

djðsmaxÞ ¼ 0: ð3Þ

Two channel models will be considered in the following: (i)
both losses and delays are memoryless processes; (ii) delays are
memoryless, but losses have memory. We focus on these cases be-
cause they provide insights on the typical behavior of the solution
for real channels despite their simplicity. As for loss behavior, the
first case is the simplest channel and is considered as a reference
scenario, while the second case is the Gilbert model [1], a very pop-
ular model for representation of bursty channels. Further analysis
has been done using a more realistic channel model [17] that takes
into account for memory and cross-correlation of losses and delays
and easily fits the considered framework. However, the main
effects of memory are already evident in the considered cases.

3.1. Memoryless model

The first case analyzed assumes that losses and delays are inde-
pendent and identically distributed (iid). More specifically, a pack-
et is either lost with probability w, or delayed according to the pdf
f ðsÞ. Denoting

ejðkÞ ¼ PrðejðkÞ ¼ 0Þ ¼ wþ ð1� wÞdjðsmaxÞ;

we have

pk ¼
YN
j¼1

PrðejðkÞÞ ¼
YN
j¼1

ðejðkÞÞ1�ejðkÞð1� ejðkÞÞejðkÞ:
3.2. Markov-chain loss model

The second case assumes that delays are again iid, but losses are
correlated. In this case losses evolve according to a two-state Mar-
kov chain, where the two states Good and Bad denote absence and
presence of a loss, respectively, as shown in Fig. 2. The state-tran-
sition probabilities are

a ¼ Prðcurrent state isGoodjprevious state wasBadÞ;
b ¼ Prðcurrent state isBadjprevious state wasGoodÞ:

and delays are distributed according to f ðsÞ, when in state Good.
The average loss probability is given by the steady-state proba-

bility in state Bad
Fig. 2. two-state Markov chain.
w ¼ b
aþ b

:

It is common to consider as index of the channel memory the
ratio between the conditional loss probabilities,

q ¼ 1� a
b

:

Notice that q ¼ 1 means that the Markov chain reduces to a
Bernoulli model (iid losses) being a loss equally likely, given that
the previous state was either Good or Bad. Conversely, q > 1 means
that a loss is more likely given that the previous state was Bad than
Good, i.e. presence of memory (larger q means larger memory).

Denoting

ejðkÞ ¼ PrðejðkÞ ¼ 0Þ ¼wþð1�wÞdjðsmaxÞ;
eð1Þj ðkÞ ¼ PrðejðkÞ ¼ 0jej�1ðkÞ ¼ 1Þ ¼ bþð1�bÞdjðsmaxÞ;

eð0Þj ðkÞ ¼ PrðejðkÞ ¼ 0jej�1ðkÞ ¼ 0Þ

¼wð1�aþadjðsmaxÞÞþ ð1�wÞdj�1ðsmaxÞðbþð1�bÞdjðsmaxÞÞ
wþð1�wÞdj�1ðsmaxÞ

;

we have

pk ¼ Prðe1ðkÞÞ
YN

j¼2

PrðejðkÞjej�1ðkÞÞ

¼ ðe1ðkÞÞ1�e1ðkÞð1� e1ðkÞÞe1ðkÞ

�
YN

j¼2

ðeð0Þj ðkÞÞ
1�ejðkÞð1� eð0Þj ðkÞÞ

ejðkÞ
h i1�ej�1ðkÞ

�
YN

j¼2

ðeð1Þj ðkÞÞ
1�ejðkÞð1� eð1Þj ðkÞÞ

ejðkÞ
h iej�1ðkÞ

:

4. The quality function

The function qðyÞ for optimal load design must be chosen
according to the specific application. In same cases it is more
important to deliver bits as quickly as possible and in others it
may be acceptable a more progressive flow. We propose a very
flexible family of quality functions built on the logistic function
‘ðxÞ ¼ ð1þ expð�xÞÞ�1, also allowing to relax the assumption ðvÞ
for the quality function in Section 2,

qðx; ðx0;rÞÞ ¼
‘ðrðx� x0ÞÞ � ‘ð�rx0Þ
‘ðrð1� x0ÞÞ � ‘ð�rx0Þ

; ð4Þ

in which x0 controls the point in which the concavity changes and r
is a shape parameter controlling the curvature. Different choices of
the two parameters allows to describe a very large family of quality
functions, as shown in Fig. 3.

For instance, a sharp-step behavior with the threshold at x0

means that for reconstruction it is sufficient that a fraction x0 of
bits is delivered, as in channel coding. A linear behavior means that
all bits have the same importance and the quality improves line-
arly. All other cases may fit different application needs.

Solution to the optimization problem (2) can be obtained with
standard algorithms for constrained minimization (e.g. MATLAB’s
fmincon). A \-concave function for which the solution to the
problem (2) is computed analytically is

qðyÞ ¼ 1� ðy� 1Þ2: ð5Þ

Computing explicitly the gradient and imposing the constraints,
we get (see Appendix B for the derivation),

xopt ¼ S�1ETp� 1TS�1ETp� 1
1TS�11

S�11; ð6Þ
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where E ¼ ðeTð1Þ; . . . ; eTðMÞÞT and S ¼ ETdiagðpÞE.
When the channel is memoryless and when 1

pN
P N � 1,

xopt;j �
1
ej
� ðN � 1ÞPN

i¼1
1
ei
� NðN � 1Þ

; ð7Þ

with ej ¼
PM

k¼1pkejðkÞ. Eq. (7) is the exact solution for N ¼ 2.
Denoting e ¼ ðe1; . . . ; eNÞT the erasure vector (EV), then Eq. (7)
shows an almost-water-filling behavior for the optimum solution,
where the LV and the EV play the role of the power resource
and the noise, respectively. The larger the component of the EV,
the smaller the corresponding component of the LV, and vice-
versa.

5. Simulations

We have performed a large number of simulations for various
values of N, channel models, and quality functions. In all cases de-
lays have been assumed Gamma distributed [5], with c and #

denoting the shape and scale parameters, i.e.

f ðsÞ ¼
s
#

� �c�1 exp � s
#

� �
#CðcÞ : ð8Þ

Fig. 4 shows some results for the optimum LV for N ¼ 5 with
quality function (5) and various values of maximum allowed delay
and loss probability. Notice how the effect of an increase of smax is
an increase of the ‘‘spreading” in the optimum LV, as the loading
goes from being concentrated on the first components to being
more distributed. Increased maximum allowed delay means that
we have more resource in terms of time (the application is less
sensitive to packet delays), thus exploiting those resource in-
creases the robustness against packet losses. Having the whole
information concentrated in the same packet, makes packet losses
very critical, while distributing the information in consecutive
packets reduces their impact. The limit of the distribution process
is dependent on how much the application is sensible to delays.
Regarding packet loss, it can be noted that larger values of w tend
to shift toward ‘‘spreading” the optimum LV: if the channel is more
severe in terms of packet losses, distributing information will be
more effective.

Fig. 4 also shows a ‘‘flat” behavior of the asymptotic optimum
LV.

lim
smax!1

xopt ¼
1
N

1,xflat

as predicted by Eq. (7).
Fig. 5 reports the results of other simulations in which the

channel has memory. The presence of correlated channels mod-
ifies the distribution of the optimum LV, with a tendency to
emphasize the first and the last components with respect to
the inner ones. It is clear that when the memory is large, distrib-
uting the information in two consecutive packets may be not
effective and it is similar to have the whole information concen-
trated in the same packet. Remember that large memory means
that losses tend to occur in bursts, thus if a packet gets lost it is
likely that the following one will also be lost. Emphasizing the
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first and the last components of the LV has the effect of reducing
this problem as far as the length of the burst is smaller than the
distance between the two most significant packets. The larger
the memory, the larger the first and the last components should
become.
Our numerical simulations also confirm the validity of the
approximation (see Appendix C) for the asymptotic solution, when
w > q=10,

lim
smax!1

xopt �
1

N þ 2ðqw� 1Þ ðqw;1; . . . ; 1;qwÞT:
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In order to evaluate the advantage of spreading the information
on various packets, we define a Time Diversity Gain (TDG) as the ra-
tio of the QoS in the optimum case and the QoS when time diversity
is not implemented, i.e.

GTD ¼
QðxoptÞ
Qð1ð1ÞÞ

:

TDG is increasing with average loss and/or maximum allowed
delay, as shown in Fig. 6, except for mild channels for which it is
not a monotonic function of the maximum allowed delay. Fig. 7
shows how the presence of memory reduces TDG.

The first component of the optimum LV (xopt;1) may be thought as
a measure of the needed ‘‘spreading”, being xnoTD ¼ 1ð1Þ the LV when
no time diversity is considered. Figs. 8 and 9 show the amount of
xopt;1 with respect to the (smax;w)-plane in case without and with
memory, respectively. On the basis of the characteristics of the
channel and the application, the point of operation and the amount
of ‘‘spreading” may be evaluated on the (smax;w)-plane effectively
partitioned into Time Diversity Regions (TDRs), where: time diversity
is not necessary (on the left); time diversity can be appropriate (in
the middle); time diversity has a greater impact (on the right). It is
worth noticing that TDRs have a monotonic behavior with respect
to losses and delays. The only exception is the TDR with less than
50% in the first component with respect to losses in the presence
of memory. The strange behavior however, is consistent with the
fact that in presence of memory large losses tend to increase the
first component of the LV, as well as the last one.

Also, TDG for 3 typical LVs is considered and compared with the
optimal LV and with the LV in absence of time diversity. The results
give an idea of how time diversity can improve performance even
with simple configurations. More specifically, we consider
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� x ¼ 1ð1Þ, denoted as no TD;
� x ¼ 1

2 1ð1Þ þ 1
2 1ð2Þ, denoted as split 1-2;

� x ¼ 1
2 1ð1Þ þ 1

2 1ðNÞ, denoted as split 1-N;
� x ¼ xflat, denoted as flat;
� x ¼ xopt, denoted as optimum.

The performance of such LVs for both memoryless and memory
cases are shown in Figs. 10 and 11, respectively. The effect of mem-
ory may be observed comparing flat and split 1-N LVs. In the
memoryless case flat LV quickly approximates optimum LV assmax in-
creases, while split 1-N LV is not a good solution. In the memory case
split 1-N LV quickly approximates optimum LV as smax increases
(especially for large w), while flat LV is not a good solution.
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Fig. 10. TDG of different LVs for Memoryless Models with c ¼ 5, # ¼ 30, and with
N ¼ 5, T ¼ 25.

Fig. 11. TDG of different LVs for Markov-Chain Loss Models with c ¼ 5, # ¼ 30,
q ¼ 10, and with N ¼ 5, T ¼ 25.
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Analogous simulations have been run for various quality func-
tions based on the family (4), and similar results have been ob-
tained when 0 6 x0 < 1=2. Also, when 1=2 6 x0 6 1 it happens
that xopt ¼ 1ð1Þ, i.e. time diversity provides no gain.
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6. Conclusions

An analytical framework to analyze time diversity for packet
channels has been described. It has been shown how payload
distribution over different packets may be an effective strategy
to improve application performance and make communications
more robust with respect to packet losses even if additional delay
is produced. The properties of the optimum solution have been
described for memoryless channels and the effect of memory
has been analyzed. The framework also allows to analyze the
behavior of typical payload distributions. Summarizing we can
say that increasing the maximum allowed delay of the application
makes time diversity more effective. In the limit of large allowed
delay, the optimum loading distribution is flat, while the presence
of memory emphasizes the first and the last components.

Appendix A

Consider only N ¼ 2 for sake of simplicity. Then eð1Þ ¼ ð0;0ÞT,
eð2Þ ¼ ð0;1ÞT, eð3Þ ¼ ð1;0ÞT, eð4Þ ¼ ð1;1ÞT, and x ¼ ðx1; x2ÞT ¼ ðn;
1� nÞT. The difference between the QoS in the diversity and no-
diversity case is

QðnÞ � Qð1Þ ¼
X4

k¼1

pkqðne1ðkÞ þ ð1� nÞe2ðkÞÞ �
X4

k¼1

pkqðe1ðkÞÞ

¼ p2qð1� nÞ � p3ð1� qðnÞÞ

and time diversity is effective only if there exist n for which
QðnÞ � Qð1Þ > 0. Let us define l2 ¼ p2ð1� nÞ; l3 ¼ p3ð1� nÞ, and no-
tice that being p2 6 p3 we have l2 6 l3. Then

� if qð:Þ is linear, then qð1� nÞ ¼ 1� n and qðnÞ ¼ n, thus we have
QðnÞ � Qð1Þ 6 0;

� if qð:Þ is [-concave, then qð1� nÞ 6 1� n and qðnÞ 6 n, thus we
have QðnÞ � Qð1Þ 6 0;

� if qð:Þ is \-concave, then qð1� nÞP 1� n and qðnÞP n, thus it is
possible to have QðnÞ � Qð1Þ > 0.

Appendix B

The solution of the constrained problem is obtained as solution
to the unconstrained problem (Langrange multipliers method)
xopt ¼ arg maxxðRÞ with

R ¼ Qþ k
XN

j¼1

xj � 1

 !
�
XN

j¼1

mjxj;

being Q defined in Eq. (1). Note that the constraints xj 6 1 have been
ignored as consequence of 1Tx ¼ 1; xj P 0.

Setting to zero all the partial derivative of R with respect to
fx1; . . . ; xN; kg, we obtain

Sx ¼ ETp� k
2 1þ 1

2 m

1Tx ¼ 1

(
;

where m ¼ ðm1; . . . ; mNÞT and where mj 6¼ 0 only if xj ¼ 0. Solving we
obtain

xopt ¼ S�1 ETpþ 1
2

X
l2C0

ml1
ðlÞ

 !

� 1

1TS�11
1TS�1ETpþ 1

2
1TS�1

X
l2C0

ml1
ðlÞ � 1

 !
S�11;
being C0 ¼ f1 6 l 6 N : xl ¼ 0g the set of active nonlinear constraints.
In case C0 is empty, the solution reduces to Eq. (6).

Appendix C

From Eq. (3) and letting smax ! þ1 we obtain

ejðkÞ ¼ w;

eð0Þj ðkÞ ¼
qw

1� ð1� qÞw ;

eð1Þj ðkÞ ¼
w

1� ð1� qÞw ;

and then taking into account only the single-erasure configurations,

PrðeðkÞ ¼ 1ðjÞÞ ¼
ð1�wÞwN�1qN�2

ð1�ð1�qÞwÞN�1 j ¼ 1;N

ð1�wÞwN�1qN�3

ð1�ð1�qÞwÞN�1 j ¼ 2; . . . ;N � 1
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